Optical frequency combs have recently been demonstrated in micro-resonators through nonlinear Kerr processes [1] . Investigations in the past few years provided better understanding of micro-combs and showed that spectral span and mode locking are governed by cavity spectrum and dispersion [2] [3] [4] [5] . While various cavities provide unique advantages [4] [5] [6] [7] , dispersion engineering has been reported only for planar waveguides [8] . In this Letter, we report a resonator design that combines dispersion control, mode crossing free spectrum, and ultra-high quality factor. We experimentally show that as the dispersion of a MgF 2 resonator is flattened, the comb span increases reaching 700 nm with as low as 60 mW pump power at 1560 nm wavelength, corresponding to nearly 2000 lines separated by 46 GHz. The new resonator design may enable efficient low repetition rate coherent octave spanning frequency combs without the need for external broadening, ideal for applications in optical frequency synthesis, metrology, spectroscopy, and communications.
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First demonstrations of Kerr optical frequency combs in micro-resonators [9] [10] [11] have stimulated great interest and intense research activity. Rapid progress has been highlighted by such accomplishments as octave spanning comb spectrum [12, 13] , soliton formation and mode locking [14] [15] [16] .
Practical use of micro-combs also begins to emerge in timekeeping [17, 18] and communications [19] . While external broadening can be used to extend the spectral span to an octave [14] necessary for self-referencing, direct generation of octave-spanning combs with measurable repetition rates in a single device remains highly desirable. Latest research results show that the comb span is primarily limited by the wavelength dependence of cavity dispersion [2] [3] [4] [5] . Moreover, most resonators used for comb generation support more than one family of modes, leading to unavoidable mode crossings that can prevent soliton formation [4, 5] . Thus a high quality factor (Q) resonator supporting a single mode family with properly engineered dispersion may be necessary for efficient direct generation of a coherent octave spanning comb.
It is well known that micro-structuring of fibers and waveguides can provide control over the arXiv:1406.2682v1 [physics.optics] 10 Jun 2014 2 wavelength dependence of dispersion and make it possible to achieve anomalous geometric (waveguide) dispersion for improved supercontinuum and comb generation [20] . Similarly, dispersion engineering is possible in silicon nitride planar waveguide resonators [8] . Nevertheless, obtaining anomalous GVD in a broad range of wavelengths remains challenging. On the other hand, the whispering gallery mode (WGM) resonators have demonstrated extremely high quality factors [7, 21] and can be easily made from large selection of nonlinear optical materials [22] . The high quality factor of crystalline WGM resonators leads to high efficiency of nonlinear optical processes. However, dispersion modification in WGM resonators has only been limited to moderate mostly wavelength independent shifts towards normal dispersion [12, 23] . The total cavity group velocity dispersion (GVD) consists of the material and geometric (waveguide) contributions. While groups of modes with effectively anomalous geometric dispersion can be found [24] , the geometric dispersion in a WGM resonators is generally normal [25] . This has also spurred interest in normal GVD comb regime [15, 16] . Regardless of the dispersion sign, engineering its wavelength dependence will be critical for efficient wide band comb generation.
We here demonstrate a new resonator design which combines the dispersion control similarly to microstructured waveguides with the high Q factor and material versatility available to WGM resonators as shown in Fig. 1 . The resonator consists of a substrate and a micro-structured waveguide sharing the same axial symmetry. The supported modes, their quality factors and dispersion are defined by the waveguide shape and its relation with the substrate, providing the needed design flexibility. We show by numerical simulation, that dispersion control through waveguide shaping works well in the presence of a substrate. Moreover, the interaction of the substrate with the shaped waveguide allows controlling the families of supported modes and their quality factors similarly to WGM resonators [26, 27] . As a demonstration, we fabricated a number of microstructured resonators and were able to show that as the calculated cavity GVD is gradually flattened the comb span increases significantly, reaching over 700 nm around the 1560 nm pump with only 60 µW of coupled power.
We design our resonator with the rectangular shape of the waveguide. Other shapes can be used for fine-tuning the dispersion as is shown in Supplementary Information. For the target resonator free spectral range (FSR) F = 46 GHz around the pump wavelength of λ = 1.56 µm the radius of the cavity is approximately given by R c/(2πn e F ) 750 µm, where n e 1.38 is the extraordinary refractive index and c is the speed of light in m/s. We limit the spectrum of our cavity to only one family of TE (electric field along the cavity axis) modes by enforcing the geometric condition developed for the WGM resonators [26] : 1 > 1. h is the height of the waveguide and w -its width in micrometers. For h = 5 µm the condition holds if 4.9 < w < 9.7, leaving us enough flexibility to change waveguide geometry while staying within the single mode limit.
In order to find the dependence of dispersion on wavelength we compute the mode frequencies numerically. The total cavity GVD includes material and waveguide contributions and is related to mode frequencies [25] :
where
, and f l is the optical mode frequency in GHz corresponding to l field maxima along the waveguide ring. By modelling a number of shapes we found that a rectangular waveguide with height of 5 µm and width of 7 µm will have a flattened and reduced overall dispersion around the 1560 nm pump wavelength which should lead to broadened comb span [2] . We also found that the flattened band of dispersion in a micro-structured resonator can approach one octave (Supplementary Information).
We have fabricated several resonators having the same radius of 750 µm but different shapes of the waveguide. By using a non-destructive imaging technique developed in our lab we obtained the cross sections of the waveguides. These images were then converted into meshed geometries for our FEM modelling tool which provided the wavelength dependence of GVD as shown in Fig.   2 . We pumped the blue side of cavity resonance and relied on a soft thermal lock self-stabilization technique to excite the combs. The pump power was fixed at 300 mW, while the actual power coupled to the resonator is given by the coupling efficiency. The primary and the final comb states produced by the micro-structured resonators are presented in Fig. 3 . The resonator and coupling parameters are summarized in Table I . As the detuning was reduced we observed deviations from previously reported comb formation dynamics [28, 29] (Supplementary Information). First, the comb in waveguide "C" is a three stage comb in contrast to primary-secondary combs observed in all other reported resonators to the best of our knowledge. The primary comb starts with two sidebands separated by N × F SR, where N is integer. The secondary comb is still spaced by a multiple of resonator's FSR, whereas the third stage of comb formation fills the FSR-spaced resonator modes. Second, in all of the resonators shown in Fig. 2 we observed discrete transitions between the modulation instability states of the primary comb that were not previously reported.
The appearance of each new sideband pair is accompanied by reduction of N by unity and the overall growth of the primary comb span. These discrete steps eventually end with the formation of transitional comb states [2] , followed by a number of discrete transitions between stable and spectrally symmetric comb states. These final discrete transitions are also observed in resonator transmission in similarity to the steps observed on the nonlinear resonant curve during soliton formation [5, 14] . The discrete steps to the final states are observed in both two and three stage combs, whereas the three stage comb shown in Fig.3 is not symmetric. While behavior of our system is similar to the soliton formation regimes observed previously, further experiments are 6 required to confirm such states in our system. Due to the single mode nature of micro-structured resonators the spectral signatures of mode crossing [4, 5] were absent in all of the observed comb spectra with the exception of cavity "S" which still supports some higher order mode families.
To further demonstrate the flexibility of dispersion engineering with respect to material choice, we show that it is possible to achieve anomalous and flattened GVD in a CaF 2 resonator at wavelength of 1550 nm. As shown in Fig. 4 the geometric dispersion of the waveguide brings the total dispersion into the anomalous regime. Indeed, our initial experimental results (Supplementary Information) confirm that changes in CaF 2 micro-structured waveguide geometry lead to comb generation regimes different from the non-micro-structured resonator [10] . It is important to emphasize that in addition to flattened dispersion, these new micro-structured resonators support only one fundamental mode family of TE polarization. Higher order TE modes are not observable at least to the detector noise level. The quality factor of the fundamental TM mode family is at least 20 times lower for waveguides "A-C" compared to TE modes. This could be explained by the same geometric effect of mode leaking into the substrate that enables WGM single mode resonators [26, 27] similar to resonator "S" where we also observed the difference in Q factors experimentally. However, we found that the difference in mode field distribution between TE and TM modes in our resonators is seemingly too small to account for such a Q difference.
A more sophisticated theory of crystalline microresonators explaining this and other observed phenomena [30] needs to be developed.
In summary we have presented a new resonator geometry amenable to dispersion engineering and spectrum control. We demonstrated the utility of dispersion engineering for efficient optical comb generation in microstructured crystalline resonators. The shape of the waveguide on the substrate provides design flexibilities in determining the set of modes, quality factors, and the geometric dispersion of the resonator. While we experimentally demonstrate that a flattened dispersion significantly improves the efficiency and span of combs generated in micro-structured resonators, a model linking the shape of the dispersion curve to the observed comb dynamics is yet to be developed. We note, however, that the observed comb broadening may be coincident with the change in third order dispersion sign. Moreover, both broadening and narrowing of the comb span were observed in our experiments (Supplementary Information). The nonlinear frequency comb generation process is rich and complex. Our investigation demonstrates the control needed in the crystalline resonator design for efficient broad comb generation and paves the way to direct octave-spanning dielectric micro-combs.
Methods
To pump the modes of our resonators we used the Koheras Adjustik fiber laser with 1560 nm center wavelength, 20 kHz short-term linewidth and the IPG Photonics EDFA that provided power amplification to 300 mW. We used a computer controlled microfabrication technique developed in our lab to make the resonators.
All of the resonators used in this work were fabricated from a z-cut (crystalline optical axis is parallel to the resonator symmetry axis) MgF 2 substrate and had the same diameter of 1.5 mm corresponding to FSR of 46 GHz. Optical Q factors were measured using a modulation sideband technique. The estimated mode area of the resonators is A m 25 × 10 −12 m 2 . The angle polished SMF28e+ fiber couplers were used for evanescent excitation of modes and comb output. To record the spectra of the combs we used optical spec-8 trum analyzers operating in the 650-2400 nm range (Yokogawa AQ6319 and AQ6375). Interestingly, the observed comb expanded beyond the nominal operating frequency range of the SMF-28 fiber used as an output channel.
The FEM modelling of the fabricated axially symmetrical resonators requires knowledge of the waveguide cross section. For large WGM resonators this can be achieved by optical shadow microscopy (see Fig.2 -S) .
For micro-structured waveguides, SEM can be used in combination with ion milling that physically produces a cut across the waveguide. Obtaining a resonator cross section non-destructively remains a challenge, as SEM imaging requires gold coating to avoid charging effects. We have developed a technique that starts with making a resin cast of the resonator by direct contact and lift-off. The cast is then filled with a glue having different refractive index from the cast material. After hardening, the resulting replica can be cut and polished across the waveguide cross section resulting in images having sub-micrometer precision as shown in Fig.2 . While imperfections of this imaging technique can affect the results of numerical simulations, we found that resulting dispersion curves are robust against sub-micrometer noise in the waveguide boundary.
Numerical modelling was used in this work as a design guideline.
Since the real value of D 2 is around 10 kHz for our cavity size, we need to find the eigenfrequencies with the precision of around 1 kHz in order to achieve sufficient dispersion precision. To achieve this, we solve the three-dimensional vectorial Maxwell wave equation numerically, taking the axial symmetry into account [31, 33] . We used a FreeFem++ package [32] , with MUMPS solver implemented on a JPL supercomputer. Typically, the required eigenvalue precision is achieved with adaptive meshes containing up to 0.5 million elements. Second order GVD is obtained by computing the triplets f l−1 , f l , f l+1 for a number of wavelengths. For each l a sequence of mesh refinements and iterative adjustments of the refractive indices with the Sellmeier equations is employed.
